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ABSTRACT
S y stem  i d e n t i f i c a t i o n ,  t h a t  i s ,  a c c u r a t e l y  o b t a i n i n g  th e  v a l u e  
o f  sy s tem  p a ra m e ter s  i s  an im p o r ta n t  problem  in  th e  s i m u l a t i o n  o f  many 
com plex  s y s t e m s .
T h is  t h e s i s  p r o v i d e s  a method f o r  o b t a i n i n g  th e  p a r a m e te r s  o f  
f i r s t  and sec o n d  o r d e r  l i n e a r  s y s te m s  u s in g  Z - tr a n s fo r m  t e c h n i q u e s  and a 
d i g i t a l  co m p u ter .  The a c c u r a c y  o f  th e  i d e n t i f i c a t i o n  e x c e e d s  t h a t  o f  an 
a n a lo g  method r e f e r e n c e d  i n  th e  t e x t .  An e x t e n s i o n  to  h ig h e r  o r d e r  s y s te m s  
i s  a l s o  p r o p o s e d .
i i i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
ACKNOWLEDGEMENTS
The a u th o r  w i s h e s  to  e x p r e s s  h i s  th a n k s  to  Dr. P .A .V .  Thomas 
f o r  h i s  h e l p f u l  s u g g e s t i o n s  and g u id a n c e .
Acknowledgement i s  a l s o  due to  th e  N a t i o n a l  R e se a rch  C o u n c i l  
f o r  i t s  f i n a n c i a l  a s s i s t a n c e .
i v
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
TABLE OF CONTENTS
P age
ABSTRACT i i i
ACKNOWLEDGEMENTS i v
LIST OF TABLES v i
LIST OF FIGURES v i i
I . INTRODUCTION 1
I I .  SAMPLED-DATA SYSTEM THEORY 2
2 .1  Z - tr a n s fo r m  Theory 2
2 . 2  S ystem  A lg e b r a  5
I I I .  IDENTIFICATION 7
3 . 1  I d e n t i f i c a t i o n  Method 7
3 . 2  F i r s t  O rder S y s tem s  13
3 . 3  S econ d  O rder S y s tem s  14
3 . 4  H ig h e r  O rder S y stem s 16
3 . 5  Computer S o l u t i o n  16
IV . EXPERIMENTAL RESULTS 20
V. DISCUSSION OF RESULTS 23
V I. CONCLUSIONS 27
APPENDIX A. Z - tr a n s fo r m  T ab le  28
APPENDIX B. Computer Programs 29
BIBLIOGRAPHY 35
VITA AUCTORIS 36
V
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
LIST OF TABLES
P age
1 .  F i r s t  Order X  —  l .O O , 200 sa m p les  20
2 .  F i r s t  Order X  =  1 . 0 0 ,  150 sa m p les  20
3 .  F i r s t  O rder A, =  7 .5 3 2 0 ,  200 sa m p les  21
4 .  F i r s t  O rder X  =  2 0 . 1 5 0 ,  200 sa m p les  21
5 .  F i r s t  O rder X  —  1 . 0 0 ,  200 sa m p les  21
6 .  S eco n d  Order S y s tem s  22
7 .  S econ d  Order I d e n t i f i c a t i o n  E r r o r s  22
v i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
LIST OF FIGURES
P age
1 .  I d e a l  Sam pler 2
2 .  C o n t in u o u s  and Sampled I n p u ts  5
3 .  True E rro r  Model 9
4 .  L in e a r  R e g r e s s io n  E r r o r  10
5 .  I t e r a t i v e  Model E r r o r  13
6 .  Program Flow C hart 17
7 .  ‘f  E rro r  V ersu s  S am p lin g  P e r io d  24
8 .  Time R esp on se  o f  F i r s t  Order S y stem  25
v i i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I . INTRODUCTION
The e n g i n e e r  i s  o f t e n  f a c e d  w i t h  th e  problem  o f  o b t a i n i n g  
th e  c h a r a c t e r i s t i c s  o f  th e  d i f f e r e n t i a l  e q u a t i o n s  r e p r e s e n t i n g  a 
c o m p l i c a t e d  s y s te m .
S im u la t io n  and d e s ig n  p rob lem s o c c u r r in g  i n  th e  d e t e r m in a t io n  
o f  aerodynam ic c o e f f i c i e n t s ,  dynamic c h a r a c t e r i s t i c s  o f  t i r e s ,  a u to ­
m o b i le  s u s p e n s io n  s y s te m s  and a i r c r a f t  la n d in g  g e a r s  f o r  e x a m p le ,  r e q u ir e  
an a c c u r a t e  k now ledge  o f  th e  p a r t i c u l a r  sy s te m  to  p e r m it  a m e a n in g fu l  
s i m u l a t i o n  t o  be made. R e c e n t ly  a t e c h n iq u e  f o r  'S y s tem  I d e n t i f i c a t i o n  
Ey Means o f  a I m p l i c i t  S y n t h e s i s  M eth od 1 was p r e s e n t e d  by C .L .  Sheng  
a.nd M.Y. Wu [ 7 j .  The p a p e r  i n v e s t i g a t e d  th e  d e t e r m in a t io n  o f  th e  
p a ra m e ter s  i n  f i r s t  o r d e r  l i n e a r  and n o n - l i n e a r  sy s te m s  and p r o p o se d  a 
method f o r  h ig h e r  o r d e r  s y s t e m s .  A g e n e r a l  p u rp ose  EAI-TR-48 a n a lo g  
com puter was u s e d  f o r  th e  i d e n t i f i c a t i o n .
The p u rp ose  o f  t h i s  r e s e a r c h  was to  t r y  to  e q u a l  o r  improve  
upon th e  a cc u r a cy  o f  th e  Sheng-Wu i d e n t i f i c a t i o n  o f  l i n e a r  s y s te m s  
u s in g  a d i g i t a l  com puter  t e c h n i q u e .  The u s e  o f  a d i g i t a l  com puter w ould  
g i v e  th e  e n g i n e e r  a c h o i c e  o f  t o o l s ,  a n a lo g  o r  d i g i t a l  c o m p u te r s ,  in  
th e  s o l u t i o n  o f  a p a r t i c u l a r  i d e n t i f i c a t i o n  p rob lem .
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I I .  SAMPLED-DATA SYSTEM THEORY
2*1 Z -tr a n s fo r m  Theory
By th e  v e r y  n a tu r e  o f  a d i g i t a l  com p u ter ,  t e c h n i q u e s  f o r  sy s tem  
i d e n t i f i c a t i o n  r e q u ir e  d i s c r e t e  i n f o r m a t io n .  Methods o f  a n a l y s i s  w h ich  
u s e  d i s c r e t e  d a ta  are  c a l l e d  s a m p le d -d a ta  sy s te m  m e th o d s .  A sa m p led -  
d a ta  sy s tem  can  be d e f i n e d  as one i n  w h ich  th e  f l o w  o f  c o n t in u o u s  i n f o r ­
m a t io n  i s  t r a n s fo r m e d  i n t o  a s e r i e s  o f  p u l s e s  o r  num bers. T h is  sa m p lin g  
p r o c e s s  i s  a n a lo g o u s  to  i d e a l  s w i t c h i n g .  The d i s c r e t e  p o i n t s  o r  p u l s e s  
can  o n ly  r e l a t e  to  th e  c o n t in u o u s  d a t a  a t  th e  sa m p lin g  i n s t a n t s .  That  
i s ,  f (n T )  ca n  be c o m p l e t e l y  d e te r m in e d  from f ( t )  b ut f ( t )  can  be known 
o n l y  a t  th e  d i s c r e t e  t im e  i n t e r v a l s  T ,2 T ,3 T ,  e t c . ,  when f ( n T )  i s  known. 
f ( t )  and f (n T )  are  th e  f u n c t i o n s  shown i n  F i g .  1 .  T h is  t r a i n  o f  p u l s e s ,
r  2T 57- 4 T T i m et i m e
C D IS T lM v JO O S  D A T A  s a m p l e d  DATA r-
J - f c )  -------------------------— — -----------------------------  f ( n T )
T
F i g .  1 I d e a l  S a m p le r ,  Sam pling  P e r io d  T.
2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
3f ( n T ) ,  can  be a n a ly s e d  m a t h e m a t i c a l ly  w i t h  th e  i n t r o d u c t i o n  o f  im p u lse
m o d u la t io n .  For a c o n t in u o u s  in p u t  f u n c t i o n ,  f ( t ) ,  th e  s a m p le d -d a ta
*
o u t p u t  f u n c t i o n  f  ( t )  c o n s i s t s  o f  a s e r i e s  o f  im p u ls e s  o f  a r e a s  f ( n T ) ,  
i . e .  m a t h e m a t i c a l l y ,
f * ( t )  =  f ( t )  8 * ( t )  ( 2 - 1 )
• k
w here 8 ( t )  r e p r e s e n t s  a u n i t  im p u ls e  c a r r i e r  t r a in *
Expanding ( 2 - 1 )  we o b t a i n
* 03 
f  ( t )  =  f ( t )  E 5 ( t  -  nT)
n=0
CO
= E f (n T )  S ( t  -  nT) ( 2 - 2 )
n=0
T h is  becom es th ro u g h  s ta n d a r d  L a p la c ia n  t r a n s f o r m a t io n
F * ( s )  =  E f (n T )  e" nTS ( 2 - 3 )
n=0
N o w 5 i f  f o r  c o n v e n ie n c e  we u s e  t h e  t r a n s f o r m a t io n  2 n =  e nTS and u se
F(Z) to  r e p r e s e n t  th e  im p u ls e  m o d u la ted  f u n c t i o n ,  ( 2 - 3 )  becom es
F(Z) =  E f (nT) Z
n--0
-n
-  f ( 0 )  +  f ( T )  Z-1  + ............. +  f (n T )  z"n +  . . .  ( 2 - 4 )
Thus th e  Z - tr a n s fo r m  can be c o n s i d e r e d  in d e p e n d e n t ly  o f  a 
L a p la c e  t r a n s fo r m ,  w i t h  th e  ex p o n en t  o f  Z b e in g  an o r d e r in g  i n d i c a t o r .  
For an exam ple o f  th e  c a l c u l a t i o n  o f  a Z - tr a n s fo r m ,  l e t  f ( t )  =  e a t . 
Then m o d u la t in g  th e  u n i t  im p u ls e  c a r r i e r  w i t h  f ( t )  we o b t a i n
f * ( t )  =  e " ° T +  e " aT S ( t - T )  +  e ” 2aT 8 ( t - 2 T )  +  . . .
. . .  +  e an^ 8 ( t - n T )  +  . . .
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4i . e .  f * ( t )  = 1 +  e -aTZ-1 +  e ' 2aV 2 +  . . .  +  e ' 8"1 z ' n +  . . .
W r it in g  t h i s  in  c l o s e d  form , i t  becom es
F(Z) =  ------------1 ---------- ( 2 - 5 )
i _aT 7_11 -  e Z
A t a b l e  o f  s ta n d a r d  Z - tr a n s fo r m s  can  be fo u n d  i n  Appendix A. 
Assume now t h a t  F(Z) o f  ( 2 - 5 )  i s  a t r a n s f e r  f u n c t i o n  o f  th e
Q
form ~ ( Z ) ,  w here C(z)  i s  th e  o u t p u t  v a r i a b l e  and R(Z) i s  th e  in p u t  R
v a r i a b l e .  The n u m e r ic a l  e v a l u a t i o n  o f  C(Z) may be p er fo rm ed  by s e v e r a l  
m e th o d s ,  two o f  w h ich  w i l l  be b r i e f l y  d e s c r i b e d .  One m ethod u t i l i z e s  
c o n v e n t i o n a l  lo n g  d i v i s i o n ,  b u t  i n  t h i s  c a s e  th e  in p u t  R(Z) must be o f  
a known form su ch  as  s i n e ,  ramp, s t e p ,  e t c .
. . ,R(z)____c(z)
i _aT y ' 1  1 -  e Z
I f  R(Z) i s  assumed to  be a u n i t  s t e p  f u n c t i o n ,  th e n  R(Z) — ------  ~
1 -  Z
C(Z) th en  becom es
C(Z) =  _
( l -z"1) ( l - e -aV 1)
1 - (l+e' aT)z"1+e"aTz“2 
E v a lu a t in g  by lo n g  d i v i s i o n  th e  o u tp u t  ca n  be w r i t t e n
C(Z) =  1 +  (l+e"aT) Z_1 +  ( l + e ” aT +  e"2aT) z"2 + . . .
A more u s e f u l  method and th e  one  u s e d  e x c l u s i v e l y  i n  th e  i d e n ­
t i f i c a t i o n  t e c h n iq u e  to  be d e s c r i b e d ,  i s  c a l l e d  th e  r e c u r s i o n  m eth od .
I t  h as  th e  a d v a n ta g e  t h a t  R(Z) can  be a random i n p u t .  Then
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
f U )  -
1 - a V 11 -e  Z
i. . e .
C(Z) -  e " aT C(Z) Z_1 =  R(Z)
C(Z) =  R(Z) +  e " aT C(Z) Z-1  ( 2 - 6 )
w h ich  i s  e q u i v a l e n t  to
C(nT) -  R(nT) +  e " aT C [ ( n - l ) T ]
Now i f  R(Z) i s  a u n i t  s t e p  f u n c t i o n  
th en
C ( l )  =  R ( l )  +  e " aT.C (0 )  = 1  as C (0 )  =  0
C( 2 )  =  R (2) +  e - a T . C ( l )  = 1 +  e " aT
C (3) =  R (3) +  e ~ aT. C ( 2)
-  i +  -aT  -2aT= 1 +  e  "he
Thus th e  o u tp u t  C(Z) i s  th e  same by e i t h e r  m eth od .
2 . 2  S ystem  A lg eb ra
In  a d d i t i o n  to  th e  Z -transform ^  a know ledge  o f  th e  a n a l y s i s  
o f  open lo o p  t r a n s f e r  f u n c t i o n s  i s  n e c e s s a r y .  C o n s id e r  th e  two ex a m p les  
shown i n  F i g .  2 .
Rfs)
G
C(s) y  c*(s) RCs) /  Rifs) (~L C(s) /  C*(s)UJ
(a) (b)
F i g .  2 ( a )  C o n tin u o u s  In p u t  (b )  Sampled In p u t
The o u tp u t  o f  th e  sy s tem  i n  F i g .  2 (a )  i s  g i v e n  by
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
6G ( s )  =  [ R ( s ) G ( s ) ] ( 2 - 7 )
w h i l e  th e  o u tp u t  i n  2 (b )  i s
C * (s )  =  [ R * ( s ) G ( s ) ] *
=  R ~ (s )G ~ (s )  ( 2 - 8 )
1 aNow i f ,  f o r  ex a m p le ,  R (s )  =  — and G (s )  =  th e n  ( 2 - 7 )  becom es
* ,  a *
C ( . )  =
t h a t  i s
c <z > =
where ^  d e n o t e s  th e  Z tr a n s fo r m  o f  th e  term  i n  p a r e n t h e s i s .  
C(Z)
Eq. ( 2 - 8 )  can  be w r i t t e n
c <z > = ‘ 3
-  2 (1  -  e ~ aT) 
( Z - l ) ( Z - e " aT)
( Z- l ) ( Z - e " a^
k k k
Thus, th e  o u t p u t s  R (s )G  ( s )  and [ R ( s ) G ( s ) J  are  n o t  th e  same. The a c t u a l  
c o n f i g u r a t i o n  o f  th e  s y s te m  i s  t h e r e f o r e  v e r y  im p o r t a n t .
C ascad ed  e l e m e n t s  are  a f f e c t e d  i n  th e  same m anner. Two e l e m e n t s  
G  ^ and G  ^ s e p a r a t e d  by a sa m p lin g  d e v i c e  w ou ld  n o t  g i v e  th e  same o u tp u t  
as  a sy s tem  w i t h  G  ^ and G  ^ c o n n e c t e d  d i r e c t l y .  The r e f e r e n c e s  [~ 1 ] ,  [ 2 ] ,  
and [ 3 ]  go i n t o  t h i s  th e o r y  in  much g r e a t e r  d e t a i l  b ut t h i s  r e s u m /  i s  
s u f f i c i e n t  f o r  an u n d e r s ta n d in g  o f  th e  a p p l i c a t i o n s  to  f o l l o w .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I I I .  IDENTIFICATION
3 . 1  Method
I t  w ould  be d e s i r a b l e  to  be a b le  to  i d e n t i f y  th e  c o e f f i c i e n t s  
o f  a l i n e a r  d i f f e r e n t i a l  e q u a t io n  o f  any o r d e r  w h ich  i s  o f  th e  form
—  +  A   f  +   +  A Y = u ( t )  ( 3 - 1 )
d t"  1 d t " ’ 1
where Y ( t )  =  s y s te m  o u tp u t  
u ( t )  =  s y s te m  in p u t  
and th rou gh  A  ^ a re  th e  unknown c o e f f i c i e n t s  o f  t h e  sy s te m
and a l l  i n i t i a l  c o n d i t i o n s  are z e r o .
T h is  r e s e a r c h  w i l l  d e a l  w i t h  f i r s t  and sec o n d  o r d e r  s y s te m s  
a l th o u g h  th e  m ethod to  be d e s c r ib e d  may be e x te n d e d  to  h i g h e r  o r d e r  
s y s t e m s .
T h is  method depends upon a l i n e a r  s a m p le d -d a ta  m odel w h ich  
assumes t h a t  th e  in p u t  and o u tp u t  sa m p les  o f  a g iv e n  sy s te m  are  r e l a t e d  
by a Z - tr a n s fo r m  model o f  th e  f o l l o w i n g  form
F( z ) = ^ f  ( 3 - 2 )
where N (z )  =  a  -f a  Z  ^ +  a  Z ^' 0 1 n -1
D(Z) =  1 +  ^ Z ' 1 +  p 2z ' 2 +  . . . .  j3n Z 'n 
and n i n d i c a t e s  th e  o r d e r  o f  th e  s y s t e m .
Thus, i f  th e  c o e f f i c i e n t s  o f  th e  Z -tr a n s fo r m  model can  be i d e n t i f i e d ,  
th e  t im e domain c o e f f i c i e n t s  can  be c a l c u l a t e d  u s in g  th e  known form o f  
Z -tr a n s fo r m  f o r  th e  o r d e r  o f  sy s te m  u n d er  s t u d y .
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The in p u t  to  t h e  s y s te m  to  be i d e n t i f i e d  can  be o f  any form ,  
b ut i n  m ost o f  th e  i d e n t i f i c a t i o n s ,  a s t e p  f u n c t i o n  o f  c o n s t a n t  a m p li ­
tu d e  and s t a r t i n g  a t  t im e  zero  was u s e d .  T hese  s t e p  f u n c t i o n s  w ere  
sam pled and th e  sam pled  v a l u e s  w ere  u se d  to  d r iv e  th e  'b la c k  box '  
s y s te m .  The o u tp u t  o f  t h e  sy s te m  a t  ea c h  sa m p lin g  i n s t a n t  was r e c o r d e d  
and th e  c o r r e s p o n d in g  v a l u e s  o f  in p u t  and o u tp u t  w ere l i s t e d  t o g e t h e r .  
T h is  l i s t  o f  in p u t  and o u tp u t  sa m p les  i s  r e f e r r e d  to  as th e  i n p u t - o u t p u t  
r e c o r d ,  and c o n t a i n s  a l l  o f  th e  sa m p les  a t  th e  sampling i n s t a n t s  u n t i l  
th e  in p u t  was rem oved. The in p u t  r e c o r d  can  be e x p r e s s e d  m a t h e m a t i c a l ly  
as th e  sum o f  th e  sam pled  v a l u e s  o f  in p u t  a t  th e  s p e c i f i c  sa m p lin g  t im e .  
Thus i f  t h e  in p u t  i s  d e n o te d  by X(z)  th en  th e  t o t a l  r e c o r d  o f  th e  in p u t  
u s in g  normal Z - tr a n s fo r m  n o t a t i o n  i s
m
X(Z) =  E X (nT)Z_n ( 3 - 3 )
n=0
w here m =  number o f  sam p les
X(nT) i n d i c a t e s  th e  v a l u e  o f  th e  in p u t  a t  th e
sa m p lin g  i n s t a n t  nT.
and Z n i s  th e  t im e  o r d e r in g  i n d i c a t o r .
S i m i l a r l y  th e  o u tp u t  W(z) can  be w r i t t e n  as
m
W(Z) =  E W(nT) Z~n 
n=0
where W(nT) i n d i c a t e s  th e  v a l u e  o f  th e  o u tp u t  a t  th e  
sa m p lin g  t im e  nT.
T hese e x p r e s s i o n s  f o r  th e  in p u t  and o u tp u t  r e c o r d s  can a l s o  be w r i t t e n  
as
m
X(Z) =  E X Z_J 
j = 0  j
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W (Z ) =  £  W.z"J 
j= 0  J
where j i n d i c a t e s  t h e  t im e  o f  sa m p lin g  and and X  ^ are  
th e  v a l u e s  o f  W(Z) and X(Z) a t  th e  t im e  j ,  t h i s  b e in g  th e  
form o f  n o t a t i o n  u s e d  i n  l a t e r  e x p r e s s i o n s .
I f  th e  same in p u t  i s  a p p l i e d  to  th e  unknown sy s te m  and th e  
Z -tr a n s fo r m  m odel and th e  o u t p u t s  o f  th e  two c o r r e s p o n d  e x a c t l y  a t  ea ch  
sa m p lin g  i n s t a n t ,  th en  t h e  m odel i s  a t r u e  sy s te m  model and th e  c o e f f i ­
c i e n t s  o f  th e  a c t u a l  sy s te m  are  known. I f  th e  two o u t p u t s  are  n o t  
e x a c t l y  th e  same h o w ev er ,  th e  e r r o r  b etw een  them i n d i c a t e s  how c l o s e  
th e  model c o e f f i c i e n t s  are  t o  th e  t r u e  v a l u e s .  Thus i f  we w ere  to  m i n i ­
m ize  t h i s  e r r o r  w i t h  r e s p e c t  to  th e  c o e f f i c i e n t s  o f  th e  m odel N (Z )/D (Z )  
we w ould  o b t a i n  t h e  b e s t  a p p r o x im a t io n  to  th e  s y s t e m .  The e r r o r  d e t e r ­
m in a t io n  i s  shown d ia g r a m m a t ic a l ly  i n  F i g .  3 .
/
F i g .  3 True Model E r r o r
The e r r o r  a t  e a c h  sa m p lin g  i n s t a n t  i s  e  ^ . The t o t a l  e f f e c t i v e
e r r o r  i s  found  by summing th e  s q u a r e s  o f  th e  v a l u e s  o f  e^ o v e r  th e  r e c o r d
l e n g t h .  I f  we u s e  th e  i n v e r s i o n  i n t e g r a l  to  o b t a i n  th e  e r r o r ,  th e n  th e
f o l l o w i n g  e r r o r  m in im iz a t io n  i s  i n v o l v e d
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E ( e  ) 2  ------ <j> IX( Z) ‘ d("z} " W^ Z) | 2 ^  =  minimum ( 3 - 5 )
■* 2nj ' '
I f  t h i s  e x p r e s s i o n  w ere  m in im ized  w i t h  r e s p e c t  to  th e  c o e f f i c i e n t s
and o f  th e  m o d e l ,  t h e  r e s u l t  w ou ld  g i v e  th e  b e s t  i d e n t i f i c a t i o n .
T h is  m in im iz a t io n  how ever c a n n o t  be s o l v e d  e x a c t l y  [ 9 ] .
A method s u g g e s t e d  by S t e i g l i t z  and McBride [ 9 ]  w i l l  now be
d e v e lo p e d  to  s o l v e  th e  above m in im iz a t io n  p ro b le m . The m in im iz a t io n
i n v o l v e d  i n  F i g .  4 ,  w h ich  h a s  no p h y s i c a l  i n t e r p r e t a t i o n ,  can  be e a s i l y
s o l v e d .
F i g .  4 L in e a r  R e g r e s s io n  E rro r  
Again  u s in g  th e  i n v e r s i o n  i n t e g r a l  th e  e x p r e s s i o n  f o r  th e  e r r o r  i s
E ( e . ) 2 =  —  &  !X (Z ) .N (Z )-W (Z ) .D (Z )I  2 —  =  minimum ( 3 - 6 )j 2 tcj u i '  L t
The e r r o r  a t  any t im e  j i n v o l v e s  th e  v a l u e s  o f  in p u t  and o u t ­
p u t  a t  t im e  j p lu s  s e v e r a l  p r e v i o u s  v a l u e s .  The number o f  p r e v i o u s  
v a l u e s  i s  d ep en d en t  upon th e  o r d e r  o f  th e  s y s t e m .  Thus th e  p r o d u c t  a t  
X(Z) and N(Z) can  be w r i t t e n  as
( E X Z~^) . ( a  -fa Z_1+ a  Z- 2  -f . . .  +  a  .z"^ 11"1^)
j =  0 j  0 1  2 n ~ 1
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The e f f e c t  o f  X (Z ) .N (Z )  a t  t im e  j i s  t h e r e f o r e
n -1  
E a .X .  . 
i= 0  1 n
S i m i l a r l y  th e  p ro d u c t  o f  W(Z) and D(Z) a t  t im e  j i s  E (3, W. ,
i= 0  1 J ” 1
The e r r o r  a t  t im e  j i s  th en
n -1  n
e .  =  E a .X .  . -  E 8.W . ( 3 - 7 )
J i= 0  i  J - i  i= o  1 J ' 1
n -1  n
o r  s e t t i n g  So =  1 e .  =  E a .X .  . -  E B.W, . -  W.
°  J i= 0  1 J_1 i = l  1 J " 1 J
We can  w r i t e  t h i s  i n  m a tr ix  form i f  we l e t
8 '  =  C V V - " ................................................ ' V
q' . =  r x . , x .    x .  , . , w .  ------W. ]
J L 3 *  J - l  j -n + 1 "  j - 1 *  J ~ n J
and 8 and q be th e  t r a n s p o s e  o f  8 '  and q ' j *
T h e r e fo r e
e . =  q ' .8  -  W.
J J J
The t o t a l  e r r o r  can  be o b t a i n e d  by s q u a r in g  th e  sam pled  i n s t a n t  e r r o r s
and summing o v e r  th e  r e c o r d  l e n g t h .
2
E (e  ) i s  th e  t o t a l  e r r o r  w h ich  we w ould  l i k e  to  m in im ize  
J
w i t h  r e s p e c t  to  th e  c o e f f i c i e n t s  a  and i . e .  w i t h  r e s p e c t  t o  th e
2m a t r ix  S .  I f  we t a k e  t h e  g r a d i e n t  o f  E (e^ )  w i t h  r e s p e c t  t o  8 we w ou ld  
o b t a in  a m in im iz a t io n  c r i t e r i o n
7  9e .
i . e .  g ra d  (E (e ^ )  ) =  2(E e^ .
=  2 E q. e . =  0 
J J
But e .  — q ' j  8 -  W. 
J J
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T h e r e fo r e  £  q . q ' .  8 -  £  q.W. =  0 
J J ]  J
l e t  Q =  £  q . q ' . and c =  £  q.W.
J J J
Then th e  c o e f f i c i e n t s  i n  8  are
8 =  Q_ 1 .c  ( 3 - 8 )
f o r  minimum e r r o r .
But t h i s  c r i t e r i o n  d o es  n o t  mean a n y th in g  as f a r  as th e  
o r i g i n a l  p rob lem  i s  c o n c e r n e d .
I f  th e  v a l u e s  o f  and p^ and th e  c o r r e s p o n d in g  v a l u e s  o f  
N(Z) and D (z )  d e n o te d  as  N^(Z) and D^(Z) w h ich  were fo u n d  u s in g  th e  
above t e c h n iq u e  are  u s e d  to  a d j u s t  th e  v a l u e s  o f  in p u t  and o u tp u t  su ch  
t h a t
W (Z)
new _________  1______________  _  1
and
^ o r i g i n a l ^ ^  1 +  (B^ Z +  . . .  p^Z n D^(Z)
x  ( z ) -j ,new   _   1  _  1
^ o r ig in a l^ ^  1 +  P^ Z  ^ + . . .  p^Z n D^(z)
th e n  new v a l u e s  o f  a  and p are  o b t a i n e d .  The new v a l u e s  o f  N (z )  and 
I)(z) thoabecom e N^(Z) and D ^ Z )  r e s p e c t i v e l y .  T h is  p ro ce d u re  i s  c o n ­
t in u e d  s e v e r a l  t i m e s .  I f  we l e t  i  e q u a l  th e  number o f  i t e r a t i o n s ,
t h a t  i s ,  t h e  number o f  t im e s  t h e  o r i g i n a l  e q u a t io n  8 =  Q ^ . c  i s  s o l v e d  
thth e n  on th e  i  i t e r a t i o n  we s o l v e  f o r  N (Z) and D^(Z) w i t h  t h e  o r i g i n a l
i n p u t  and o u tp u t  r e c o r d s  b e in g  f i l t e r e d  by ^ ( Z ) ,  th e  v a l u e  o f  D(z)
thfound on th e  p r e v i o u s  i n t e r a t i o n .  The e r r o r  m in im iz a t io n  on t h i s  i  
i t e r a t i o n  i n v o l v e s  th e  e q u a t io n  ( 3 - 9 )  d e r iv e d  from th e  d iagram  shown in
F i g .  5 .
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F i g .  5 I t e r a t i v e  Model E rro r
2 dZ9 1 N . ( Z) D .(Z )
S ' . j )  = —  f  | * < * )  - W<Z ) - D ^ | 2 i
. t h  .I f  on th e  i  i t e r a t i o n  th e  v a l u e s  fou n d  f o r  a  and (3 a re  th e  same 
th e  v a l u e s  fou n d  on th e  p r e v i o u s  i t e r a t i o n ,  th e n  D ^(z) =  D^ , ^(Z) 
th e  e r r o r  m in im z a t io n  e q u a t io n  becom es
V Z> ? V Z> 5 d ?
§  lx <z >- M z T  -  w ( z ) l 1 -5 ^ -C z f l  1 ' 1 -1  '
-  min
( 3 - 9 )
as
and
— m m .
l  . e . N.
f  |X ( Z ) .~ K Z )  -  W(z) | 2 ~  =  m in . ( 3 - 1 0 )
Thus, th e  i t e r a t i v e  p ro c e d u r e  p r o v i d e s  a s o l u t i o n  to  th e  o r i g i n a l  
m odel e r r o r  m in im ization  a t  c o n v e r g e n c e  o f  th e  c o e f f i c i e n t s .
t r u e
3 . 2  F i r s t  Order L in e a r  S y stem
By u s in g  th e  i t e r a t i v e  p ro c e d u r e  d e s c r ib e d  i n  S e c t i o n  3 . 1 ,  a 
f i r s t  o r d e r  s y s te m  Z - tr a n s fo r m  model t a k e s  th e  form
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H aving found  (3^  we must now r e l a t e  t h e  Z - tr a n s fo r m  to  th e  
t im e  domain c o e f f i c i e n t s  o f  th e  e q u a t io n
Y +  \Y  =  u ( t )
T h is  e q u a t io n  may be w r i t t e n  i n  a t r a n s f e r  f u n c t i o n  form u s in g  L a p la c e  
t r a n s f o r m a t io n  as
Y ,  . ____1_
u ^  s + \
T h is  e q u a t io n  can  now be w r i t t e n  i n  term s o f  Z - tr a n s fo r m s  as
} K z )  =  - 1 - -
T h e r e fo r e  (3^  =  - e
i . e .
\  =  ~ ln(^~^l^ ( 3 - 1 2 )
T
w here In =  n a t u r a l  l o g a r i th m  
T =  sa m p lin g  p e r i o d  
(3^  =  c o e f f i c i e n t  o f  D ( z ) .
3 . 3  S econ d  Order S y stem s
The Z - tr a n s fo r m  model f o r  s ec o n d  o r d e r  s y s te m s  i s  
“ 0 +  “ i  Z’ 1
| ( z )   ------------- —  z i
1 +  pxz  L +  P2Z
The c o e f f i c i e n t s  aQ,a^,(3^ and |3 must now be e q u a te d  to  th e  t im e  domain  
c o e f f i c i e n t s  o f  t h e  g e n e r a l  s e c o n d  o r d e r  s y s te m
Y +  AY +  BY =  u ( t )  ( 3 - 1 4 )
U s in g  L a p la c e  t r a n s fo r m s  a g a in ,  ( 3 - 1 4 )  becom es
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s 2Y ( s ) +  S A Y (s ) +  B Y ( s )  =  u ( s )
o r
^ ( s ) = — 1  =  ( s + a ) ( s + a  ') ( 3 " 15)
u S +AS+B lS
w here s =  are  th e  r o o t s  o f  th e  c h a r a c t e r i s t i c
2
e q u a t io n  s +  As +  B.
( 3 - 1 4 )  becom es upon a p p l i c a t i o n  o f  Z - t r a n s f o r m a t io n
- a  T - a  T 
Y 1 ( e  1 - e  2 )Z 1
“ “ V l  ' l - t e - a i V - ^ V 1 + e-<‘l+a2> V 2
T h e r e fo r e  e q u a t in g  c o e f f i c i e n t s  o f  ( 3 - 1 3 )  and ( 3 - 1 6 )
- a  T - a  T 
^  =  - ( e  + e  )
- ( a l + a 2) T
P2 - e
We can  s o l v e  f o r  a^ and a 2
= " I n  r l  v l  ?.>
a l  T 2
' h  - ^ 2 - 4 ! i -
( 3 - 1 7 )
-  "In / v 1 2x
a 2 T 2 '
rhen th e  c o e f f i c i e n t s  o f  (3-14) become
B -  a l ' a 2
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3 . 4  H ig h e r  O rder S y s tem s
S y stem s  o f  a h ig h e r  o r d e r  than  two may a l s o  be i d e n t i f i e d .
I f  a lo o k  up t a b l e  i s  d e v e lo p e d  to  r e l a t e  th e  t im e  domain c o e f f i c i ­
e n t s  o f  su ch  s y s te m s  to  th e  e q u i v a l e n t  Z - tr a n s fo r m  c o e f f i c i e n t s ,  t h i s  
t a b l e  can  th en  be s t o r e d  i n  com puter  memory and th e  a p p r o p r ia t e  r e l a ­
t i o n s h i p s  can  be r e t r i e v e d  when a p a r t i c u l a r  o r d e r  o f  sy s tem  i s  t o  be  
i d e n t i f i e d .
A few  ex a m p les  w i l l  be shown to  i l l u s t r a t e  th e  u s e f u l n e s s  o f  
t h i s  t e c h n i q u e .
3 . 5  Computer S o l u t i o n
The in p u t  and o u t p u t  r e c o r d s  u s e d  as d a ta  f o r  th e  com puter  
i d e n t i f i c a t i o n  w ere g e n e r a t e d  by means o f  a r e c u r s i o n  fo r u m la  o f  th e  
a p p r o p r ia t e  o r d e r .  T h is  d i g i t a l  g e n e r a t i o n  p e r m it t e d  many s y s te m s  to  
be t e s t e d  w i t h o u t  any d i f f i c u l t y  o b t a i n i n g  d a t a .  The number o f  sam ple  
o b t a in e d  and th e  sa m p lin g  p e r i o d  are  known and are a l s o  in p u t  to  th e  
program . The i d e n t i f i c a t i o n  o f  f i r s t  and s e c o n d  o r d e r  s y s te m s  was  
a c c o m p lis h e d  by u s in g  two p ro g ra m s.  T hese  program s w ere w r i t t e n  i n  
F o rtra n  and w ere run on an I .B .M .  1 6 2 0 .  They are  now d e s c r ib e d  w i t h  
r e f e r e n c e  to  F i g .  6 .
The v a l u e s  o f  in p u t  and o u tp u t  o b t a i n e d  from th e  r e c u r s i o n  
fo rm u la  are  f i r s t  rea d  i n t o  t h e  com puter  a lo n g  w i t h  T -  th e  sa m p lin g  
p e r i o d  and N -  th e  o r d e r  o f  th e  s y s t e m .  E.ach v a l u e  o f  X(Z) th e  in p u t  
and W(Z) th e  o u t p u t ,  i s  s t o r e d  as an e le m e n t  o f  v e c t o r  XJ and WJ 
r e s p e c t i v e l y  f o r  e a s y  a c c e s s .  The s o l u t i o n  o f  E.q.(3r8) i s  im p lem en te d .  
The m a t r i c e s  Q and c are  l a b e l l e d  SQUE and SUMCI r e s p e c t i v e l y .  The 
m a t r ix  qj is named QJ and i t s  t r a n s p o s e  q j ' i s  QJT. The p a r a m e te r s  I I  -
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i; 0 . 0 0 0 1
< 0.000/
T h e  s t e p s  u s e d
H-FR E A R E  T H E
S A M E  A S  T H O S E
S H O W N  A T  F A R
L e f t , t h e  o n l t
D i F F E f i E N C E
o c c u r s  / a /  t h e
A c t u a l  f o r m u l a s  
U s e d .
< o
E N D
S T A R T
I F
I I -  )
S o l v e  For
c a l c u l a t e
m o d e l
O u t p u t
J e t  u p
i n  i t / a l / s f
M A T R I C E S
R e a d  o r i g i n a l  
X T  £  W T
S u r v \ e i  = ^  S3" * W 3
saue = 2- cct-Qtt
R E A D
X J W J N T
Me a n  s q u a r e
E R R O R  £  
V A R I A N C E
PRE F I L T E R  X T ^ W T  
s t o r e  c o e f f i c i e n t  
i n  A l a p
i n  I T I A L I 2 E  
P A R A M E T E R S  
I I ,  N P , N Z  ALAP
c a l c u l a t e  c o e f r  
Co m p a r e  W i t h  
A l a P
N =  I N  = 2.
FIG.  6 .  PROGRAM FLOW CHART
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th e  i t e r a t i o n  c o u n t e r ,  N2 and NP, and ALAP w h ich  c o n t a i n s  th e  p r e v i o u s  
v a l u e s  o f  th e  t im e domain c o e f f i c i e n t s  are s e t  to  t h e i r  i n i t i a l  v a l u e s .  
SQUE and SUMCI are  i n i t i a l l y  s e t  t o  z e r o .  The a p p r o p r ia t e  v a l u e s  o f  
XJ and WJ are  s t o r e d  i n  th e  m a t r i c e s  QJ and QJT. QJ i s  th en  u s e d  to  
form  th e  m a tr ix  C l =  QJ.WJ and Cl i s  summed o v e r  th e  r e c o r d  l e n g t h  and 
th e  r e s u l t a n t  s t o r e d  i n  SUMCI. A lso  th e  p ro d u c t  o f  QJ and QJT i s  
summed and s t o r e d  i n  SQUE where SQUE =  £  QJ.QJT. The m a t r ix  SQUE i s  
i n v e r t e d  u s in g  a l i b r a r y  s u b r o u t in e  and th e  r e s u l t a n t  p r e m u l t i p l i e s  
SUMCI. T h is  p r o d u c t  i s  t h e  c o e f f i c i e n t  m a tr ix  S .  Up t o  t h i s  p o i n t  i n  
t h e  c a l c u l a t i o n s  th e  o r d e r  o f  th e  s y s te m  i s  im m a t e r ia l  as  lo n g  as i t  i s  
s p e c i f i e d .  Here th e  two program s b e g a in  to  d i f f e r .  The c a l c u l a t i o n s  
h ave e s s e n t i a l l y  th e  same form e x c e p t  t h a t  th e  a c t u a l  fo r m u la s  f o r  
m odel o u t p u t ,  e t c .  are  s p e c i f i c a l l y  f o r  f i r s t  o r  s e c o n d  o r d e r  s y s t e m s .
The number o f  i t e r a t i o n s  a l r e a d y  p er fo rm ed  i s  c h e c k e d  by t e s t i n g  I I .
I f  I I  i s  o t h e r  th a n  z e ro  t h e  o r i g i n a l  in p u t  o u tp u t  r e c o r d  i s  r e r e a d .
U s in g  th e  c o e f f i c i e n t s  o f  th e  8 m a t r ix  and th e  in p u t  r e c o r d  XJ th e  
o u t p u t  o f  th e  model N (Z )/D (Z ) i s  c a l c u l a t e d ,  and t h i s  o u tp u t  i s  compared  
w i t h  th e  a c t u a l  o u tp u t  WJ o f  th e  unknown s y s t e m .  The mean sq u a r e  e r r o r  
and th e  v a r i a n c e  o f  t h i s  e r r o r  are  c a l c u l a t e d  and are  u s e d  as th e  
c r i t e r i o n  f o r  s e l e c t i n g  th e  b e s t  i d e n t i f i c a t i o n  i f  c o n v e r g e n c e  o f  th e  
c o e f f i c i e n t s  i s  n o t  o b t a i n e d .  The t im e  domain c o e f f i c i e n t s  A. f o r  f i r s t  
o r d e r  and A,B f o r  s e c o n d  o r d e r  s y s te m s  are th en  c a l c u l a t e d  from th e  
e l e m e n t s  o f  th e  8 m a t r i x .  T hese  v a l u e s  are compared w i t h  t h e  c o e f f i c i ­
e n t s  w h ich  w ere  c a l c u l a t e d  on th e  p r e v i o u s  i t e r a t i o n  and s t o r e d  i n  ALAP. 
I f  t h e y  have c o n v e r g e d  to  w i t h i n  a p r e s e t  v a l u e  ( 0 . 0 0 0 1 )  th e  c o e f f i c i ­
e n t s  are punched o u t  and th e  program e n d s .  I f  c o n v e r g e n c e  h a s  n o t  b een  
o b t a i n e d  th e  o r i g i n a l  XJ and WJ a re  p r e f i l t e r e d  by means o f  th e  d i g i t a l
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f i l t e r  l / D j j  as d e s c r ib e d  i n  S e c t i o n  3 . 1 .  The new c o e f f i c i e n t s  r e p l a c e  
th e  p r e v io u s  o n e s  i n  A L A P ,  th e  c o u n t e r  I I  i s  i n c r e a s e d  by o n e ,  and th e  
m a t r i c e s  SQUE and SUMCI are  r e i n i t i a l i z e d .  I f  c o n v e r g e n c e  i s  n o t  o b ­
t a i n e d  a f t e r  s e v e r a l  i t e r a t i o n s  th e  program may be s to p p e d  and t h e  e r r o r  
v a l u e s  can  be u s e d  to  s e l e c t  th e  b e s t  a p p r o x im a t io n  to  t h e  c o e f f i c i e n t s .
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IV . EXPERIMENTAL KESELTS
S e v e r a l  s y s te m s  w ere i d e n t i f i e d  u s in g  th e  method d e s c r i b e d .  
V a r io u s  sa m p lin g  p e r i o d s  and numbers o f  sa m p les  were u s e d  f o r  some 
s y s t e m s .  A lso  v a r i o u s  i n p u t s  w ere  u s e d .  The r e s u l t s  o f  t h e s e  t e s t s  
are  l i s t e d  i n  th e  f o l l o w i n g  t a b l e s .
TABLE 1 F i r s t  Order S y s tem s
Y +  AY =  u ( t )  w here A. -  1 .0 0 0  
and 200 sam p les
T s e c . u ( t ) A. <j0  E rro r
0 . 5 1 . 0 1 .0 0 0 1 3 4 + 0 .0 1 3 4
0 . 2 1 .0 0 .9 9 9 9 9 2 3 - 0 .0 0 0 7 7
0 . 1 1 .0 1 .0 0 0 0 0 4 5 + 0 .0 0 0 4 5
0 .0 5 1 . 0 1 .0 0 0 0 0 8 8 + 0 .0 0 0 8 8
0 . 0 2 1 . 0 0 .9 9 9 8 8 - 0 . 0 1 2
TABLE 2 Y +  A.Y — u ( t )  w here A. —  1 .0 0 0
and 150 sa m p les
T sec u ( t ) A. ^ E r r o r
0 . 5 1 .0 1 .0 0 0 0 6  8 + 0 .0 0 6 8
0 . 2 1 . 0 0 .9 9 9 9 9 2 3 - 0 .0 0 0 7 7
0 . 1 1 . 0 0 .9 9 9 9 4 9 - 0 .0 0 5 1
0 .0 5 1 . 0 1 .0 0 0 0 2 9 + 0 .0 0 2 9
0 . 0 2 1 .0 0 .9 9 9 8 9 - 0 . 0 1 1
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TABLE 3 Y +  AY =  u ( t )  where A =  7 .5 3 2 0
and 200 sam p les
T sec u ( t ) A $  E rro r
0 . 5 1 .0 7 .5 3 6 7 1 + 0 .0 6
0 . 1 1 . 0 7 .5 3 3 6 4 + 0 . 0 2
0 . 0 2 1 .0 7 .5 3 3 0 0 + 0 .0 1 3
0 . 0 1 1 . 0 7 .5 3 2 0 7 + 0 .0 0 1
0 . 1 5 . 0 7 .5 3 1 7 3
•  •  •
- 0 . 0 0 4
TABLE 4 Y +  AY =  u ( t )  A =  2 0 .1 5 0
and 200 sa m p les
T sec u ( t ) A < jo E rro r
0 . 1 1 . 0 2 0 .1 1 1 1 - 0 . 2 0
TABLE 5 Y +  AY = u ( t )  A =  1 .0 0 0
and 200 sa m p les
T sec u ( t ) A f  E r r o r
0 . 1 3 . 0 0 .9 9 9 9 2 7 - 0 . 0 0 7 3
0 . 1 5 . 0 1 .0 0 0 0 0 4 5 + 0 .0 0 0 4 5
0 .0 1 t 1 .0 0 0 1 9 + 0 .0 1 9
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SECOND ORDER SYSTEMS 
TABLE 6 Y +  AY +  BY =  u ( t ) and 200 sam p les
T sec
ACTUAL VALUE IDENTIFIED VALUE
A B A B
0 . 1 3 5 . 0 3 0 0 .0 3 5 .0 8 5 6 3 0 1 .0 6 2
1 . 0 6 . 0 5 . 0 5 .9 9 1 4 4 .9 9 3 4
1 . 0 5 . 0 6 . 0 4 .9 9 0 8 5 .9 8 4 4
0 . 5 5 . 0 6 . 0 4 .9 8 5 0 5 .9 7 7 7
TABLE 7 SECOND ORDER IDENTIFICATION ERRORS
ACTUAL COEFFICIENTS PERCENTAGE ERROR
1 A B A B
0 . 1 3 5 . 0 3 0 0 .0 + 0 .2 4 6 0 . 3 5 4
1 . 0 6 . 0 5 . 0 -Q .1 4 3 - 0 . 1 3 3
1 .0 5 . 0 6 . 0 - 0 . 1 8 4 - 0 . 2 6 0
0 . 5 5 . 0 6 . 0 - 0 . 5 2 - 0 . 3 7
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V . DISCUSSION OF RESULTS
The a n a lo g  i d e n t i f i c a t i o n  t e c h n iq u e  o f  Sheng and Wu [ 7 ]  i s  
b a s e d  on th e  p r i n c i p l e  o f  s t e e p e s t  d e s c e n t  and u t i l i z e s  an i m p l i c i t  
s y n t h e s i s  m eth o d .  I t  i s  u s e d  f o r  f i r s t  and sec o n d  o r d e r  l i n e a r  s y s te m s  
and a l s o  n o n l i n e a r  f i r s t  o r d e r  s y s t e m s .  A method to  i d e n t i f y  h ig h e r  
o r d e r  l i n e a r  s y s te m s  u s in g  t h e  same i m p l i c i t  s y n t h e s i s  c i r c u i t s  i s  a l s o  
p r o p o s e d .  The s y s te m s  to  be i d e n t i f i e d  w ere s im u la t e d  u s in g  an a n a lo g  
com puter c i r c u i t .  The r e s u l t s  o f  t h e i r  method were com pared to  t h o s e  
o f  th e  d i g i t a l  method d e s c r i b e d .
In th e  d i g i t a l  m eth od , th e  f a c t  t h a t  th e  in p u t  was sampled^  
t h a t  i s ,  i n t e r r u p t e d , i m p o s e d  a m in or  r e s t r i c t i o n .  The sy s te m  to  be  
i d e n t i f i e d  c o u l d  n o t  be run u n d er  norm al o p e r a t in g  c o n d i t i o n s .  However,  
s i n c e  th e  m ajor a p p l i c a t i o n  o f  any i d e n t i f i c a t i o n  t e c h n iq u e  i s  in  th e  
r e s e a r c h  f i e l d ,  t h i s  r e s t r i c t i o n  i s  n o t  f e l t  to  be o f  any g r e a t  
s i g n i f i c a n c e .
The i n p u t - o u t p u t  r e c o r d s  w ere c h e c k e d  to  make su r e  t h a t  th e  
number o f  i n i t i a l i z i n g  z e r o s  e q u a l l e d  t h e  o r d e r  o f  th e  s y s t e m .  I f  t h i s  
c o n d i t i o n  was n o t  t r u e  th e  d a ta  was m i s l e a d i n g  and c a u s e d  e r r o n e o u s  
i d e n t i f i c a t i o n .
The f i r s t  o r d e r  s y s te m s  i d e n t i f i e d  d e m o n s tra ted  th e  a cc u r a cy  
o f  t h i s  m eth od . The s y s te m  Y +  Y =  u ( t ) ,  t h a t  i s  A. =  1 .0 0 0  was i d e n t i f i e d  
u s in g  s e v e r a l  d i f f e r e n t  v a l u e s  o f  u ( t ) ,  i n c l u d i n g  a ramp f u n c t i o n .  A l l  
o f  th e  i d e n t i f i e d  v a l u e s  o f  A, w ere w i t h i n  0 . 0 2 ^ .  The same sy s te m  was 
i d e n t i f i e d  by th e  a n a lo g  method w i t h  an a c c u r a c y  o f  0 . 1 ^ .  The f i r s t  
o r d e r  sy s tem  Y +  7 .5 3 2 0  Y =  u ( t )  was a l s o  i d e n t i f i e d  v e r y  a c c u r a t e l y .
23
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The p a ra m eter  A. was fou n d  to  be 7 .5 3 6 7  i n  th e  w o r s t  c a s e  and 7 .5 3 2 0 7  in  
th e  b e s t  c a s e .  A t h i r d  sy s te m  Y +  2 0 .1 5 0  Y =  u ( t )  was a l s o  i d e n t i f i e d  
to  w i t h i n  0 . 2 < j  b u t  t h i s  v a l u e  c o u ld  be im proved  w i t h  t h e  p r o p e r  s e l e c t i o n  
o f  sa m p lin g  p e r i o d .  T a b le s  1 , 2 , 3  l i s t  th e  i d e n t i f i e d  v a l u e s  and a s s o c i ­
a t e d  e r r o r s  f o r  two f i r s t  o r d e r  s y s te m s  w i t h  s e v e r a l  d i f f e r e n t  sa m p lin g  
p e r i o d s .  F ig u r e  7 shows t h a t  th e  b e s t  r e s u l t s  are  o b t a i n e d  when th e  
t o t a l  sam p lin g  t im e i s  e q u a l  to  a p p r o x im a te ly  2 0 -3 0  t im e s  t h e  t im e  
c o n s t a n t  o f  th e  s y s t e m .
The s e l e c t i o n  o f  a sa m p lin g  p e r i o d  i s  d e te rm in ed  by two 
c r i t e r i a .  I f  th e  s y s te m  r e s p o n s e  i s  as shown i n  F i g .  8 and th e
Ti m e
F i g .  8 Time R esp on se  o f  F i r s t  Order S y stem  
sa m p lin g  p e r i o d  T i s  l a r g e  w i t h  r e s p e c t  t o  th e  t im e c o n s t a n t  l/A. th e  
sa m p lin g  i s  p o o r  and t h e r e f o r e  th e  e r r o r  i s  h i g h e r .  When nT, th e  t o t a l  
sa m p lin g  t im e  i s  s m a l l  w i t h  r e s p e c t  to  5/A., o n l y  p a r t  o f  th e  sy s tem  
r e s p o n s e  i s  sam pled  and th e  e r r o r  i s  h i g h e r .  There i s  t h e r e f o r e  an 
optimum sa m p lin g  p e r i o d  w h ich  i s  s m a l l  com pared to  1/A. p r o v id in g  th e  
t o t a l  sam p lin g  t im e  nT i s  l a r g e  compared to  t h e  t im e  c o n s t a n t  o f  th e  
s y s t e m .  For th e  s y s te m  w i t h  A. =  1 .0 0 0  th e  a s s o c i a t e d  t im e  c o n s t a n t  i s  
T =  l /A  =  1 .0 0  s e c .  W ith two hundred  sa m p les  and a p e r i o d  o f  0 . 1  s e c o n d s  
th e  b e s t  i d e n t i f i c a t i o n  o f  A. =  1 .0 0 0  was o b t a i n e d .  The t o t a l  t im e  in  
t h i s  c a s e  i s  a p p r o x im a te ly  tw e n ty  t im e s  th e  t im e  c o n s t a n t  and th e  sa m p lin g
2 4 8 7 0 0
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p e r i o d  i s  s m a l l  compared w i t h  th e  t im e  c o n s t a n t  w h ich  s a t i s f i e s  t h e  two 
c r i t e r i a .  F i g .  7 shows t h a t  as th e  sa m p lin g  r a t e  i n c r e a s e s  th e  a b s o lu t e  
v a l u e  o f  e r r o r  i n c r e a s e s  and as th e  sa m p lin g  p e r i o d  becom es q u i t e  la r g e  
( t h e  t o t a l  sa m p lin g  t im e  i s  long) th e  a b s o l u t e  e r r o r  a g a in  i n c r e a s e s .  
S i m i l a r  r e s u l t s  w ere  o b t a i n e d  f o r  A. =  1 .0 0  w i t h  150 sa m p les  and A. =  7 .5 3 2 0  
w i t h  200 s a m p le s .  T h e r e fo r e  on ce  an a p p r o x im a t io n  o f  th e  s y s te m  i s  
o b t a i n e d ,  a p r o p e r  v a l u e  o f  T can  be c h o s e n  t o  o b t a i n  t h e  b e s t  i d e n t i f i ­
c a t i o n .
The i d e n t i f i c a t i o n  o f  s e c o n d  o r d e r  s y s te m s  a l t h o u g h  n o t  as  
a c c u r a te  as th e  f i r s t  o r d e r  s y s te m s  was w i t h i n  0 .5 ^  i n  e v e n  th e  w o r s t  
c a s e .  For s e c o n d  o r d e r  s y s te m  th e  sa m p lin g  p e r i o d  m ust be c h o s e n  to  
s a t i s f y  two c r i t e r i a .  A cco rd in g  to  th e  sa m p lin g  theorem  th e  p e r i o d  o f  
sa m p lin g  m ust be a t  l e a s t  T =  1/2W w here W i s  t h e  h i g h e s t  f r e q u e n c y  
p r e s e n t .  A lso  th e  t o t a l  sa m p lin g  t im e  must be s u f f i c i e n t  to  a l l o w  th e  
s y s te m  to  s e t t l e  w h ich  s e t s  a lo w er  l i m i t  on th e  p e r i o d  T. I f  a p e r i o d  
o f  a p p r o x im a te ly  1 /2  o r  1 / 3  t h e  u p p er  l i m i t  i s  u s e d ,  an a p p r o x im a t io n  
o f  th e  sy s te m  can  be fo u n d .  T h is  i s  p o s s i b l e  i f  th e  b an d w id th  o f  th e  
s y s te m  can  be a p p ro x im a ted  ev e n  r o u g h ly .  The p e r i o d  can  th e n  be r e ­
duced  u n t i l  t h e  e r r o r  s t a r t s  to  r i s e  a g a i n .  For exam ple th e  sy s tem  
Y +  5Y +  6Y =  u ( t )  can  be i d e n t i f i e d  a t  T =  1 . 0  s e c s ,  w i t h  g r e a t e r  
a c c u r a c y  th a n  a t  0 . 5  s e c s .  The maximum v a l u e  o f  T i n  t h i s  c a s e  w ould  
be a p p r o x im a te ly  T =  2 . 0  s e c s .
By a p p ly in g  th e  method s u g g e s t e d  by McBride and S t e i g l i t z  w i t h  
a sam pled  in p u t  i n s t e a d  o f  a c o n t in u o u s  on e  a g r e a t e r  a c c u r a c y  o f  i d e n t i ­
f i c a t i o n  h a s  b een  a c h i e v e d .  S i m i l a r  r e s u l t s  c o u ld  be e x p e c t e d  f o r  
h ig h e r  o r d e r  s y s t e m s .
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V I. CONCLUSIONS
The d i g i t a l  method d e s c r ib e d  i n  t h i s  r e s e a r c h  o f f e r s  an 
a l t e r n a t i v e  to  a n a lo g  i d e n t i f i c a t i o n  f o r  l i n e a r  s y s te m s  o f  any o r d e r .
The lo o k -u p  t a b l e  f o r  h ig h e r  o r d e r  s y s te m s  w ould  c o n s i s t  o f  r e l a t i o n ­
s h i p s  w h ich  w ould  be o f  v a l u e  to  th e  p a r t i c u l a r  u s e r .
Both s y s t e m s ,  th e  d i g i t a l  and a n a lo g ,  g i v e  a c c e p t a b le  r e s u l t s  
and th e  c h o i c e  o f  one o v e r  th e  o t h e r  w ou ld  depend upon a v a i l a b l e  e q u ip ­
ment and th e  p e r s o n n e l  i n v o l v e d .
The u s e  o f  a d i g i t a l  com pu ter  t e c h n iq u e  f o r  s y s te m  i d e n t i f i c a ­
t i o n  makes a v a i la b le  an a d d i t i o n a l  t o o l  to  th e  e n g i n e e r  i n v o l v e d  i n  d e s ig n  
and s i m u l a t i o n .
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APPENDIX A
TABLE A . l  Z T ransform s
f ( t ) F ( s ) F(Z)
1 1 Z1 s Z - l
1 T Z
t 2s ( Z - l ) 2
1 z- a te s+a Z -e " aT
-aT -bT b - a Z (e " aT- e " bT')e - e ( s + a )  (s+ b ) ( Z - e - aT) ( Z - e ' bT)
a Z s in a T
s i n  a t 2, 2 s + a Z2-2 Z c o s a I + l
s Z( Z -co sa T -)
c o s  a t 2+  2 s +a Z2-2 Z co sa T + l
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